This article presents analytical and numerical approaches to optimizing thrust and thrust efficiency of a harmonically deforming thin airfoil. An unsteady aerodynamic model for a deforming thin airfoil undergoing harmonic oscillations has been developed previously.
INTRODUCTION
The design of Micro Air Vehicles (MAV's) capable of producing thrust by flapping requires a model for the thrust generated by flapping wings. An unsteady deformable thin airfoil theory was developed by Walker and Patil [1] based on the work of Theodorsen [2] and Garrick [3] . They presented the thrust generated by a two-dimensional massless thin airfoil undergoing small harmonic deformations in a constant free stream. The average thrust was calculated and presented in a quadratic matrix form in terms of the magnitude and phase of each deformation shape in terms of Chebychev polynomials. Peters developed a similar theory yielding the same results via a different approach [4, 5] . Assumption of small deformations is required due to the assumed flat wake model and therefore limits this work to small flapping magnitude in a constant free stream. The aerodynamics of flapping wing aircraft in hover requires methods which can consider motion-induced flow (inflow) and large frame motion, which were not considered here. Also, three dimensional effects have been ignored due to the two dimensional nature of the aerodynamic model.
In order to generate thrust from flapping, the proper combination of magnitude and phase of each deformation shape is required. The results for the rigid airfoil with pitching and plunging were shown by Garrick [3] . Anderson et al. [6] validated these results in water tunnel experiments. Heathcote and Gursul [7] later found via water tunnel experiments that a peak in thrust occurred at a particular value of phase angle between pitch and plunge.
Optimization techniques can be used to find the design operating conditions (magnitude and phase of each deformation shape) for maximum thrust and thrust efficiency. This leads to a flapping wing that deforms in such a way as to generate a large amount of thrust and/or flap efficiently to conserve energy. Energy efficiency is important as it is a limiting factor in small aircraft such as MAV's.
Tuncer and Kaya [8] investigated optimization of flapping wings. They found maximum thrust and propulsive efficiency for a rigid flapping wing. Reynolds-Averaged Navier-Stokes (RANS) model was used to simulate the aerodynamics around a NACA0012 airfoil undergoing pitch and plunge motions. Numerical optimization was used to find optimum conditions for thrust and propulsive efficiency. The design variables included magnitude of pitch and plunge motions and the phase angle between them. No constraints were applied to the problem to restrict the motion. This is because the viscosity, stall and dynamic stall modeled by the RANS aerodynamics constrained the motion such that the problem had an optimum thrust.
Later Kaya, Tuncer, et al. [9] conducted numerical gradient-based optimization of an aeroelastic flapping wing in a biplane configuration for maximum thrust. The aerodynamics was again simulated using a RANS model and again the design variables were the amplitude and phase of pitch and plunge. Further work by Kaya, Tuncer, et al. [10] using the same optimization techniques and aerodynamics model found conditions for both maximum thrust and propulsive efficiency. They compared their results with a single flapping airfoil and showed that maximum thrust is larger for a biplane configuration.
Lee and Liou [11] optimized of the trajectory of motion and the airfoil section shape. The motion and shape were parameterized such that the shape and trajectory were found which yielded the maximum thrust. The optimization showed that there exists a periodic, but not sinusoidal, trajectory that gives optimum thrust, which is larger than the thrust generated by the sinusoidal trajectory.
Much of the previous work uses RANS aerodynamics and other numerical schemes. While these lead to accurate results, a closed form solution is quite useful during preliminary design as the computational cost of numerical schemes is very high. By properly restricting the problem to stay within valid regimes of ideal flow, a quick valid solution for optimum thrust and thrust efficiency is possible. The work presented uses the unsteady deformable thin airfoil theory developed by Walker and Patil [1] to find deformation conditions for maximum thrust and maximum thrust efficiency. A quadratic form of the average thrust is derived with design variables as the magnitude and phase of each deformation shape. Various constraints are placed on the problem to obtain maximum thrust and maximum efficiency for realistic cases. Pareto fronts for maximum thrust and efficiency are generated for various reduced frequencies to show the effect of adding deformation shapes to the motion. A lift constraint was not used, because lift may be generated in linear 2D airfoil theory by adding a constant angle of attack without further aerodynamic work.
This paper presents a purely aerodynamic optimization of a massless deforming airfoil (2D). These results will show how much thrust a deformable airfoil is capable of producing under certain constraints provided the deformation can be prescribed. A full aeroelastic optimization is the subject of future work. However it should be noted that the aerodynamic optimization will be the best possible result in an aeroelastic optimization. This is because at the absolute best the structure could be tailored in such a way that the deformation of a flapping flexible airfoil will match the deformation which results from the aerodynamic optimization.
AIRFOIL MODEL
Consider a harmonically deforming thin deformable airfoil such as Figure 1 . The deformation shape is written in terms of the Chebychev Polynomials. Chebychev polynomials are convenient shapes for prescribing airfoil deformation as the first two represent the plunge and pitch while the rest give camber of increasing complexity. Furthermore, the use of Chebychev polynomials allows for the aerodynamic theory to be verified with Peters theory.. The general shape of the airfoil is given by (1) where x and y are nondimensional spatial coordinates in the airfoil domain. The h n 's represent the magnitude of each airfoil deformation shape as a function of time. The T n 's are the Chebychev polynomials used to represent the motion and are given as (2) A frequency-domain, unsteady, deformable, thin airfoil theory [1] gives the time-averaged thrust per unit span in matrix form for the first five deformation shapes as
Thrust and Efficiency Optimization of a Harmonically Deforming Thin Airfoil for MAV Design where b is the semichord (and thus the chord is c=2b) and the matrix [T M ] is a function of reduced frequency, k, and the components are given by Walker and Patil [1] The reduced frequency is given as
where ω is the frequency of oscillation and u is the free stream velocity.
The unsteady aerodynamic forces derived in Walker and Patil [1] were shown only for the first five Chebychev polynomials for simplicity; however one could derive the forces due to higher order shapes via the same approach. It should be noted that it will be increasingly difficult to practically obtain optimal deformation as more and more deformations are added. {h -} is a complex vector representing the magnitude and phase of each deformation shape for the first five shapes given as (4) Realizing each component of the vector {h -} contains two variables, which represent magnitude and phase, a more convenient representation of the system in matrix form would be a 9x9 matrix. Plunge, h 0 , needs only one variable as it is the reference and the phases of each of the other deformation shapes are relative to h 0 . Hence, the design variable, {h}, may be written as (6) and the average thrust is given as a quadratic function Therefore when written in this form, the matrix [H Tavg ] is the Hessian of the thrust function. The components of the thrust Hessian are given in the Appendix. The Hessian of the thrust function is sign indefinite (not positive definite or negative definite). Therefore, an unconstrained maximum thrust does not exist, and so the problem must be constrained in order to find an optimum.
ENERGY AND EFFICIENCY
Along with maximizing thrust, maximizing thrust efficiency is also desirable. Thrust efficiency is defined as the energy contributing to thrust divided by the total work required to move the airfoil. Thus thrust efficiency is given as (7) Thrust is harmonic, but eqn (6) is average thrust, which is not. The values of work done by the structure and energy contributing to thrust can be calculated as the average of the work done over one oscillation. The work done by the structural motion is the integral over one oscillation of the power required, which is the product of the velocity and aerodynamic force. Thus, (8) where T is the period of oscillation, y(x,t) is the airfoil shape defined by eqn (1) and ∆p(x) is the pressure difference. Using the complex form of deformation, h -(t) = h e iωt , the motion and pressure difference are represented as
where iωyand ∆p -(x) are complex functions of chordwise location representing the amplitude and phase of the motion and the pressure difference along the chord. Using this formulation, the average work done by the structure can be calculated as (11) where ( )* is a complex conjugate. The pressure difference may be calculated according to the method shown by Walker and Patil [1] and is given for the first five deformation shapes as
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where ρ is air density and F and G are components of Theodorsen's function C(k) = F + iG The work done by the structure is calculated from eqn (11) and may also be written in quadratic matrix form as
The components of the structural work Hessian are given in the Appendix. The energy contributing to the thrust over one oscillation is given as
where u is the free stream velocity. Therefore, the work done by thrust can also be written in the quadratic matrix form as (15) Conservation of energy dictates that the energy transferred to the wake, W w , originates from the work done by the thrust and the structure. 
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The thrust efficiency is the ratio of work done by the thrust to the work due to structural motion. This value ranges from 0 to 1 in a thrust producing region, and therefore has a maximum. Mathematically, thrust efficiency can have other values in drag producing regions of the domain, as shown by Patil, but it does not represent efficiency of thrust production anymore [12] . Using the quadratic matrix forms of the work terms, eqns (13) and (15) the thrust efficiency, eqn (7) can be written in matrix form as, (17)
OPTIMIZATION
Consider the thrust function, eqn (6) The necessary condition for maximum thrust is that the thrust gradient is zero.
where {h} maxT is the vector which yields a maximum value of average thrust. The Hessian is not singular and thus the only possible solution is {h} maxT = 0. Furthermore, the Hessian is positive indefinite and thus there is no finite maximum. The derivation of the deformable thin airfoil theory utilized a small disturbance assumption to linearize the equations. Thus, for a given relative magnitude of h, as the overall magnitude of deformation increases, the magnitude of thrust increases quadratically and therefore no maximum exists.
However, a maximum can be found by restricting the motion. A motion constraint is reasonable because the theory itself relies on the assumption of small disturbances. Furthermore, in actual MAV systems, the kinematics will constrain the total amplitude of motion (although these limits may be beyond the limits of the thin airfoil theory used). The unsteady thin airfoil theory also assumes no viscosity. The effects of viscosity will lead to flow separation at large motion/deformations, which the unsteady thin airfoil theory cannot model. Ideally, a constraint on the pressure gradient is desirable to keep the optimal solution within the assumed (not separated) flow regime. However, exact closed form solutions for boundary layer theory and flow separation On an unsteady deforming airfoil do not exist. Here a leading edge suction constraint is used to address leading edge separation.
Motion Magnitude Constraint
Using a total motion/deformation magnitude constraint is a good way of constraining the motion to fit within a small disturbance assumption. Since the h i 's are nondimensionalized by the semichord, b, the constraint is given as
This constraint restricts the root mean square deformation to be equal to the semichord. Hence, it gives optimum values of thrust per `unit' non-dimensional deformation/motion.
As stated previously, the magnitude of the thrust increases quadratically with the magnitude of motion. Therefore, the maximum thrust with this constraint will occur as a vertex in the design space;
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(21)
The maximum thrust is found by forming the Lagrangian and solving the system of equations generated by setting its gradient to zero. The Lagrangian is (22) where λ m is the Lagrange multiplier for the motion constraint. Setting the gradient of the Lagrangian equal to zero results in (23)
The first equation above is an eigenvalue problem.
(24)
where ∇L h is the gradient with respect to the vector h and not the Lagrange multiplier and I is the identity matrix. The problem has nine principle directions defined by the nine eigenvectors, with magnitudes given by the nine eigenvalues. The direction which results in the largest eigenvalue corresponds to maximum thrust. Therefore, the motion required to generate the maximum thrust is the eigenvector corresponding to the largest eigenvalue. The second equation of eqn (23) prescribes the eigenvector normalization such that the eigenvector is scaled by the motion constraint, which is 1 for this case. Any other non-unit value for the root mean square motion constraint could be used, leading to a different eigenvector normalization.
Efficiency Constraint
High value of thrust is essential; however, for a flapping wing aircraft, the efficiency is also important. The maximum thrust may not occur at a desirable efficiency. The thrust efficiency, eqn (7) , can also be optimized using the Lagrangian technique. However, as the thrust efficiency approaches 1, the thrust approaches zero as outlined in Patil [12] . While a maximum efficiency may not be useful, a point between maximum efficiency and maximum thrust may be desirable. Therefore generating a Pareto front for thrust and efficiency will be useful. The epsilon-constraint method may be used to generate points on the Pareto front by constraining the efficiency to a prescribed value, while optimizing the thrust. The resulting problem with two Lagrange multipliers is no longer an eigenvalue problem. However, a solution can be found easily using a numerical method such as Newton-Raphson. The problem of an efficiency constraint without a magnitude constraint is not a well posed problem and is not considered. The efficiency where the maximum thrust occurs can be calculated using eqn (7) . Therefore the analytic solution for the maximum thrust provides a good initial guess for a numerical method to generate a Pareto front. The efficiency constraint is (25) where η ref is the required efficiency. The efficiency constraint is written as The Lagrangian for active motion magnitude and efficiency constraints is given by (27) where λ η is the Lagrange multiplier for the efficiency constraint. Once again the maximum is found by setting the gradient of the Lagrangian equal to zero, with the constraint equations eqn (21) and eqn (26) recovered as derivatives with respect to the Lagrange multipliers to give N+2 equations.
The solutions of eqn (28) will generate a Pareto front by solving the system of equations for various values of reference efficiency, η ref , and obtaining the maximum thrust. The Newton-Raphson method may be used to solve the nonlinear system of equations.
Leading Edge Suction Constraint
Constraints need to be chosen in such a way that the assumptions used to derive the theory are not violated. A constraint on the pressure gradient was considered, but found to be impractical due to the complexity of the constraint itself and the lack of sufficient theory to model flow separation on a deforming thin airfoil. The motion has been constrained to satisfy a small disturbance assumption. However, for a thin leading edge, in general there still may be leading edge separation.
As shown in the pressure equation, the pressure difference at the leading edge, x=-1, goes to infinity. Because the pressure is a quadratic function of the design variables, the gradient of the pressure difference goes to infinity as well. Therefore, flow separation will always occur at the leading edge unless the numerator of the pressure difference equation is also zero. Physically this is possible. Consider the flow around the leading edge of a flat plate. In a flow situation where the direction of the flow at the leading edge is not moving directly into the leading edge, the flow must curve around the leading edge of the airfoil. A thin airfoil has a small radius of curvature and thus the flow requires very high acceleration to move around the airfoil. This is what drives the pressure difference to infinity. Now, consider the situation where locally near the leading edge the angle of attack and the flow direction are the same. In other words, the flow is moving directly into the airfoil. For this situation, the flow does not need to curve around the leading edge, and therefore will not separate. This occurs when the stagnation point is at the leading edge and there is no leading edge suction. Therefore a constraint applied to the deforming airfoil to make the leading edge suction zero would represent a flow situation with no leading edge separation. This flow situation makes the inviscid theory applicable to the situation where thrust is generated by pressure only.
Leading edge suction is proportional to the leading edge suction velocity S, a complex term, and when set equal to zero leads to two constraints. Setting the real and the imaginary parts of the leading edge suction to zero results in a total of three constraints for thrust optimization and four constraints for the thrust/efficiency Pareto fronts. The leading edge suction given in Walker and Patil [1] can be written in matrix form as Setting eqn (30) to zero leads to two linear equality constraints that can be used to solve for two of the design variables in terms of the others, which reduces the number of variables by two. Solutions of the reduced system will satisfy the leading edge suction constraints. The optimization problem associated with it is similar to the one permitting leading edge suction, but with two less design variables. Solving for h 1 and h 2 in terms of h 3h 4 results in (31) where the vector, {g}, is of length n-2, and The maximum thrust is obtained by taking the gradient of the Lagrangian which results in a generalized eigenvalue problem.
(33)
where ∇L g is the gradient with respect to the vector g. The eigenvector, {g}, corresponding to the largest eigenvalue of the generalized eigenvalue problem can be transformed back into the motion, {h}, via eqn (31) which generates a maximum thrust.
The Lagrangian associated with the leading suction, motion magnitude, and efficiency constraints is given in the reduced space as
Once again the maximum is found by setting the gradient of the Lagrangian equal to zero,
As with the case without the leading edge suction constraint, the system of equations may be solved using the Newton-Raphson method. Using the analytic solution to the problem with the leading edge suction constraint and without the efficiency constraint provides a starting point for the Newton-Raphson method solution of the system of equations, eqn (35).
OPTIMIZATION RESULTS
The nonlinear system of equations for the magnitude constraint resulted in an eigenvalue problem given by eqn (24). Therefore an analytic solution was found via an eigenvalue problem for that case (however the eigenvalues were found numerically). However, the efficiency constraint problems were solved using the Newton-Raphson method. Results were generated for cases with two shapes h -
. All results were verified using the numerical gradient based optimization algorithm fmincon in MATLAB.
Thrust Optimization
The maximum achievable thrust within a magnitude constrained system is given in Figure 2 . The results are presented in terms of thrust coefficient, C T0 , normalized by the thrust coefficient for unit plunge only, denoted as C T0 ( a function of reduced frequency). The thrust coefficient is given as
At low reduced frequencies it is obvious that the addition of any shapes leads to a large increase in thrust. This implies that the sensitivity of the thrust due to deformation shapes is large at low reduced frequencies. At higher reduced frequencies, the maximum thrust does increase, but by a much smaller amount. The addition of h -2 (quadratic camber) motion to plunge and pitch provides a significant increase in thrust between reduced frequencies of 0.25 and 2. The addition of more than one deformation shape beyond plunge/pitch provides a minimal benefit at all reduced frequencies.
Flow situations within the reduced frequency range of k=0 to k=4 were considered. However it appears that as reduced frequency approached infinity, the improvement over plunge approaches around 20%
The maximum achievable thrust for a system with a magnitude constraint and a leading edge suction constraint is shown in Figure 3 . The thrust coefficient is again normalized by the thrust coefficient for plunge only motion without leading edge suction constraint. It should be noted that all the thrust due to pure plunge is a result of leading edge suction [3] and thrust due to pressure is only produced for motion shapes involving h -1 and above. As with the case of only a magnitude constraint, the addition of deformation shapes leads to an increase in the maximum thrust. The addition of enough shapes at low reduced frequencies makes it possible without the use of leading edge suction to generate thrust larger than plunge alone. This is a very useful result, because it shows that more thrust than obtained
theoretically using just plunge can be generated without leading edge separation. The case of h -0h -1 is not actually an optimization, but a solution. The motion constraint in addition to the two leading edge suction constraints produces a situation where there are three constraints and three design variables. Therefore there is only one feasible solution. The thrust ratio as reduced frequency approaches zero also approaches zero, because the magnitude and phase of the pitch motion, h -1 , required to counteract the leading edge suction due to the plunge motion, h -0 , produces very little thrust due to pressure.
The efficiency due to plunge motion changes from 100% at low reduced frequencies to 50% at high reduced frequencies. However, when the magnitude is constrained, the efficiency for maximum thrust approaches 50% with the addition of deformation shapes at all frequencies. When the magnitude and leading edge suction are constrained, the efficiency of pitch and plunge motion is 50%. The addition of deformation shapes changes the efficiency slightly, but still approaches 50% for high reduced frequencies. Thrust and Efficiency Optimization of a Harmonically Deforming Thin Airfoil for MAV Design Figure 5 . Efficiency of Maximum Thrust (Magnitude and Leading Edge Suction Constraint) Figures 2 and 3 show that increasing the design space to include more deformation shapes does increase the maximum thrust. However, the magnitude of the increase is not very large for higher reduced frequencies. The efficiency was not considered in the above results. The efficiency at which maximum thrust occurs is shown in Figures 4 and 5 . Constraining the efficiency to be a specific value will result in much different increases in thrust as a function of reduced frequency.
Thrust and Efficiency Optimization
The multi-objective optimization problem with thrust and efficiency metrics was solved numerically using the maximum thrust solution as the initial guess. The efficiency of the maximum thrust was typically around 50% for cases with and without leading edge suction. Pareto fronts for thrust and efficiency were generated by constraining the efficiency and optimizing thrust. Figures 6 through 9 show Pareto fronts for four reduced frequencies with only a magnitude constraint. Each figure shows the change in the Pareto front by adding deformation shapes, with a point representing the thrust and efficiency of plunge only. For each case, the Pareto front with more design freedom lies above the Pareto front with less. This shows that by adding deformation shapes, the maximum thrust increases for a given efficiency and the maximum efficiency increases for a given thrust. As reduced frequency increases, the shape of each Pareto front becomes more of a bell shape that gets narrower at even higher reduced frequencies. This shows that expanding the design space by adding a deformation shape variable, the maximum thrust increases by a very large amount for higher efficiencies, which is shown more clearly later in Figure 14 . Figures 10 through 13 show Pareto fronts generated for four reduced frequencies for the case of both a magnitude and a leading edge suction constraint. Each figure shows the change in the Pareto front by adding deformation shapes, with a point representing the thrust and efficiency of pitch and plunge only. Due to the two leading edge constraints and one magnitude constraint, no solution exists for plunge alone and only one possible solution exists for plunge and pitch (with three design variables), which satisfies the constraint. Like the cases of a magnitude constraint only, for each case, the Pareto front with more deformation design variables lies above the Pareto front with less. Again, this shows that by expanding the design space by adding deformation shape variables, the maximum thrust increases for a given efficiency and the maximum efficiency increases for a given thrust. However, the benefit of adding h -4 results in a minimal improvement. As reduced frequency increases, the shape of the Pareto fronts becomes more of a bell shape similar to the case of only a magnitude constraint. This shows that by adding one shape, the maximum thrust increases by a very large amount for high efficiencies, which is seen more clearly in Figure 15 . The h -0h -2 Pareto front begins to have a maximum thrust occurring at a lower efficiency (η<0.5), while the h -0h - 3 Pareto front begins to have a maximum thrust occurring at a slightly higher efficiency (η>0.5). Figure 14 shows the maximum thrust achievable when the efficiency is constrained to be 75% with no leading edge constraint. The magnitude of the thrust is less than the maximum thrust without efficiency constrained, but the percent increase by adding just one shape is quite significant. Likewise, adding a third and fourth shape led to even more thrust. Constraining the efficiency to be 60%, 70%, 80% and 90% led to similar results. Figure 15 shows the increase in maximum thrust at 75% efficiency when the leading edge suction is constrained. The results are similar to the magnitude constraint only case. There is no thrust due to pitch and plunge at 75% efficiency; it occurs at 50% efficiency. However, thrust can be generated with 75% efficiency for three or more shapes. The addition of h -3 led to a significant increase in the maximum thrust, but adding h -4 only increased the thrust a minimal amount. showing the number of deformation shapes required to achieve the desired efficiency for given required thrust. Figure 16 shows the efficiency for the case of required thrust equal to half the thrust due to plunge only. The addition of deformation shapes leads to a significant increase in the efficiency achievable. The largest increase in efficiency occurs at low reduced frequencies.
As reduced frequency approaches zero, the efficiency approaches 100%. The efficiency for plunge only is shown by Garrick [3] to be (F 2 + G 2 )/F. For reduced frequency of 0 the efficiency of plunge is 100%, while for large reduced frequencies it approaches 50%. The efficiency for all shapes approaches 50% as reduced frequency increases, as well. This is more easily seen in the Pareto fronts shown in Figures 6 through 13 . Figure 17 shows the efficiency for the case of leading edge suction constraint. Similar to the magnitude only constraint, the addition of deformation shapes leads to an increase in efficiency. Similar to the increase in thrust by adding deformation shapes, the addition of h -3 leads to a significant increase in efficiency. However, the addition of h 4 only leads to a minimal increase in efficiency. At low reduced frequencies, the percent increase is quite large because the efficiency of pitch and plunge only is 50%, and the maximum efficiency for zero reduced frequency is 100%. As reduced frequency approaches infinity, the efficiency for all shapes approaches 50%.
Airfoil Shape and Pressure Distribution for Maximum Thrust
The maximum thrust for situations where the magnitude of the motion is constrained and where the leading edge suction is also constrained has been calculated. The shape of the airfoil is also important to discuss. The magnitude constraint was applied to the root mean square of the design variable. However, no constraint was placed on the gradient of the pressure. If the maximum thrust requires a shape with very large changes in pressure, flow separation will occur due to the large negative pressure gradient on the airfoil.
The amount each shape contributes to the overall shape of the airfoil is case dependent. Observation of the Figures 18-25 gives an idea of how much each Chebychev polynomial term contributes to the optimum airfoil shape. The shape consists of mainly plunge with a small amount of pitching and deformation. Therefore, the maximum thrust is generated mostly by leading edge suction when only the magnitude of the motion is constrained. The pressure distribution shows that pressure approaches infinity at the leading edge and zero at the trailing edge (Kutta condition). This value of pressure shows that there will be leading edge separation, which violates the assumptions of the deformable thin airfoil theory.
In contrast, Figures 19 and 21 show the deformation shape and pressure distribution for the maximum thrust when the leading edge suction is constrained. The deformation shape looks slightly different, but still consists of mainly plunge with significant contribution from h - 3 and h - 4 . This implies that, in addition to plunge, the motion produces a leading edge vorticity that is equal and opposite to the flow generated by plunge, while at the same time producing a thrust due to pressure. The pressure difference at the leading edge is zero, which means that the motion required to generate maximum thrust will not generate leading edge separation. However, there is a large adverse pressure gradient generated, which could lead to separation away from the leading edge. Accounting for this effect will require more advanced separation models. Figures 22 through 25 show the same results for a high reduced frequency of 4. The deformation shape for the motion constraint shows results similar to the case of the reduced frequency of 0.1. However, the motion contains less plunge and more pitch and deformation with a significant contribution from h - 4 . The phase of the pitch relative to the plunge is also different. This is a result of the phase changes due to and k 2 terms in the thrust which come from the lag in pressure and airfoil acceleration, respectively. The deformation shape for the motion constraint and leading edge suction is more complex and has a larger contribution from flexible deformations. The airfoil shape for the case of both magnitude and leading edge suction constraints contains much more deformation. Also, the phase of the pitch motion relative to plunge is different. However, the pressure gradient is lower along the airfoil as compared to the case of reduced frequency of 0.1 in both cases. This is an interesting result because it shows that at larger reduced frequencies, there is a possibility that separation may not occur over much of the airfoil during most of the oscillation. The airfoil shape and pressure distribution results are similar when the efficiency is constrained to higher values. 
CONCLUSION
Optimization of thrust and thrust efficiency of a deforming airfoil in motion was addressed. It was shown that by constraining the deformation magnitude, a maximum thrust can be calculated. The maximum thrust increases by expanding the design space with more deformation shapes. A second constraint was placed on the thrust efficiency to generate a Pareto front for thrust and thrust efficiency. It was shown that adding higher order deformation shapes to the design space leads to an increase in the maximum thrust for a given efficiency and increase of efficiency for a given thrust. At high reduced frequencies, the Pareto front resembles a bell shape, thus leading to low maximum thrust at high efficiencies. Only five shapes were considered, due to diminishing returns. It can be seen from the Pareto fronts that adding higher order shapes appears to correspond to smaller amounts of thrust improvement. The addition of deformation gives a small improvement over Garrick's results for the case of maximum thrust; the best being approximately 15% for a reduced frequency of k=0.7. However, maximum thrust occurs at an undesirable efficiency and therefore significant improvements are seen in the multi-objective optimization.
A third constraint was used to prevent leading edge suction. This allowed for the maximum thrust and efficiency to be found for a case where there was no leading edge suction. It was shown that using this constraint forced the pressure difference to be zero at the leading edge of the airfoil, ensuring no leading edge separation. Maximum thrust with this constraint was found to be smaller than, but on the order of, the thrust obtained without this constraint.
The use of a magnitude constraint and a leading edge suction constraint gives results for flow situations that satisfy the assumptions used to derive the deformable thin airfoil theory. The results presented in this paper thus provide detailed airfoil shapes required to generate maximum thrust and efficiency for flapping wings without separation.
APPENDIX
The components of the thrust Hessian matrix in eqn (6) 
